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Abstract: We use recently established AdS6/CFT5 dualities to count the microstates
of magnetically charged AdS6×S2×Σ black holes in Type IIB. The near-horizon limit is
described by solutions with AdS2×Σg1 ×Σg2 ×S2×Σ geometry, where Σgi are Riemann
surfaces of constant curvature and Σ is a further Riemann surface over which the geometry
is warped. Our results show that the topologically twisted indices of the proposed dual
superconformal field theories precisely reproduce the Bekenstein-Hawking entropy of this
class of black holes. This provides further support for a prescription to compute five-
dimensional topologically twisted indices put forth recently, and for the proposed dualities.
We confirm the N4 scaling found in the sphere partition functions and extend previous
matches of sphere partition functions to AdS6 solutions with monodromy.
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1 Introduction
The study of exactly computable quantities in supersymmetric field theories has led to dra-
matic progress in the non-perturbative understanding of quantum field theory. Partition
functions on compact Euclidean spaces and supersymmetric indices are among the best
understood examples, in particular in conjunction with AdS/CFT dualities, where they
allow for rigorous tests of string theory constructions and holographic correspondences.
Our focus in this work is on sphere partition functions and topologically twisted indices
of five-dimensional superconformal field theories (SCFTs). The topologically twisted in-
dex [1, 2] of the ABJM theory [3] has been shown to count the microstates of magnetically
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charged AdS4 black holes [4] in the holographically dual gravitational theory in [5, 6]. This
was soon generalized to other three- and four-dimensional gauge theories [7–18],1 as well
as the five-dimensional USp(2N) (“Seiberg”) theories which can be realized by D4-D8-O8
systems and have holographic duals in massive type IIA supergravity [27–29]. Specifically,
the topologically twisted index of N = 1 gauge theories in five dimensions is given by the
partition function onM4 × S1 with a partial topological twist onM4. The manifoldM4
is either toric Ka¨hler [27], or a product of two Riemann surfaces [27, 30]. The twisted
index is a function of background magnetic fluxes and chemical potentials for the R- and
global symmetries of the theory. For five-dimensional USp(2N) theories, it is expected
that the twisted index accounts for the entropy of a class of magnetic AdS6 black holes in
massive type IIA supergravity with AdS2×M4 near-horizon region. Using the consistent
truncation from Type IIA to Romans’ six-dimensional F (4) gauged supergravity [31], this
was indeed confirmed in [27–29] (see also [32]). Within six-dimensional F (4) gauged su-
pergravity, there is a universal relation between the black hole entropy and the on-shell
action which holographically computes the five-sphere partition function [28] (see (1.1)).2
This relation confirms the field theory prediction for the (leading order) large N behavior
of the topologically twisted index and the five-sphere partition function [27].
A more general construction of five-dimensional SCFTs is via 5-brane webs in Type
IIB [34–36] (alternative constructions are based in M-theory [37–43]). Infinite families of
five-dimensional SCFTs can be engineered via 5-brane webs, and the construction may
be further generalized by including 7-branes [44]. Corresponding to this large class of
field theories, one expects large classes of AdS6 solutions and corresponding AdS6/CFT5
dualities in Type IIB. Such classes of AdS6 solutions have been constructed in [45–48],
3
and permit a precise identification with 5-brane constructions. Various aspects of these
dualities have since been studied [55–62], and they have been subjected to explicit quanti-
tative tests in [63, 64]. The supergravity solutions have geometries of the form AdS6× S2
warped over a Riemann surface Σ, which encodes the structure of the associated 5-brane
web. Consistent truncations to Romans’ six-dimensional F (4) gauged supergravity for
arbitrary such solutions were constructed in [65, 66]. Truncations with additional vector
multiplets were discussed recently in [67]. The existence of these truncations implies that
AdS/CFT predicts the same universal relation between the five-sphere partition function
and the topologically twisted index that was found for the five-dimensional Seiberg theories
to also hold for five-dimensional SCFTs with holographic duals in type IIB supergravity.
In this paper, we verify this prediction from the field theory side. We select a repre-
sentative sample of five-dimensional SCFTs engineered in Type IIB and show that forM4
1For other interesting developments in this context see [19–26].
2Similar universal relations were discussed in a variety of dimensions in [33]. However, the AdS2
solutions to six-dimensional gauged supergravity used there turned out to be incomplete, leading to an
incorrect expression for the Bekenstein-Hawking entropy in this particular case.
3Earlier analyses of the BPS equations can be found in [49–51]. T-duals of the Type IIA solution [52]
have been discussed in [53, 54].
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the product of two constant curvature Riemann surfaces, M4 = Σg1 × Σg2 , the large N
relation between the topologically twisted index and the five-sphere partition function,
logZΣg1×Σg2×S1 = −
8
9
(1− g1)(1− g2)FS5 , (1.1)
holds for this class of theories as well. Our sample of theories includes the (unconstrained)
TN theories [68], and the theories realized on intersections of D5 and NS5 branes [36] as
examples that are realized by 5-branes only. That the S5 partition functions of these theo-
ries match the prediction of the putative holographic duals was shown in [64], and here we
explicitly confirm that the topologically twisted index matches as well. Furthermore, we
include a class of constrained TN theories, that we refer to as TN,K,j, which are engineered
using 5-branes and 7-branes in Type IIB and whose holographic duals are solutions with
monodromy [69]. For these theories we compute the S5 partition functions, the topologi-
cally twisted indices and the corresponding quantities in supergravity, and show that they
match.
Our results provide further examples where the topologically twisted index counts the
microstates of black holes in the dual gravitational theory. Let us emphasize, that our
computation of the topologically twisted index as the partition function on Σg1×Σg2×S1
is based on the Bethe ansatz equations involving the effective Seiberg-Witten prepotential
of the four-dimensional theory resulting from the compactification on S1 as proposed in
[27].4 The match to the Bekenstein-Hawking entropy provides further support for the
constructions put forward in [27], and for the AdS6/CFT5 dualities of [45, 47, 48, 69]. The
(by now) large class of field theories for which (1.1) holds at large N suggests that this
relation may be completely universal at large N for five-dimensional SCFTs. Additionally,
our results for the TN,K,j theories extend previous matches of the sphere partition functions
to AdS6 solutions with monodromy.
The remainder of the paper is organized as follows. In section 2 we review the five-
dimensional SCFTs under consideration and discuss their gauge theory deformations and
the computation of the topologically twisted indices, using matrix model techniques. In
section 3 we discuss magnetic AdS6 black holes in Type IIB and their Bekenstein-Hawking
entropies. For the TN,K,j theories we holographically compute the S
5 partition function.
We close with a discussion in section 4. The explicit expressions for the matrix models
can be found in the appendix.
2 Topologically twisted indices of 5d SCFTs
In this section, we discuss three examples of five-dimensional SCFTs engineered from (p, q)
5-brane junctions and compute the topologically twisted indices at large N . The examples
include the intersection of N D5-branes with M NS5-branes discussed initially in [36],
4We refer the reader to section 2.2.2 for more details.
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Figure 1. 5-brane junctions: (a) #N,M theory and (b) unconstrained TN theories.
which we refer to as #N,M . We also include the unconstrained TN theories of [68], and a
subset of the theories that can be obtained by Higgs-branch flows from the TN theories,
which we will refer to as TN,K,j [69]. The #N,M theories include the rank-1 E5 theory, the
TN theories include the rank-1 E6 theory and the TN,K,j theories include the rank-1 E7
theory.
2.1 The #N,M , TN and TN,K,j theories
#N,M theory: The 5-brane junction realizing the #N,M theory is shown in figure 1(a).
The SCFT in general has global symmetry SU(M)2×SU(N)2×U(1), which may be further
enhanced for small values of N and M . A relevant deformation flowing to a gauge theory
in the infrared yields the linear quiver
[N ]
y1− (N) x1− · · ·
xM−2− (N) y2− [N ] . (2.1)
Here and in the following (N) denotes an SU(N) gauge node and [K] denotes K hyper-
multiplets in the fundamental representation of the gauge group node they are attached
to. There are bi-fundamental hypermultiplets between adjacent gauge group nodes which
we denote by xi, and by yi we denote the fundamental hypermultiplets. The quiver in
(2.1) has a total of M −1 SU(N) gauge nodes and the Chern-Simons levels are zero for all
nodes. For N = M = 2, this is the SU(2) Seiberg theory with global symmetry enhanced
to E5.
TN theory: The five-dimensional TN theories are realized on an intersection of N D5-
branes, N NS5-branes and N (1, 1) 5-branes, see figure 1(b). Upon S1 compactification
they reduce to the well-known four-dimensional TN theories [70], which can be constructed
by compactifying the six-dimensional N = (2, 0) theory on a three-punctured sphere. The
types of the punctures are encoded in the five-dimensional theories in the combinatorics of
how the 5-branes are terminated on 7-branes. We first discuss the case where each 5-brane
is terminated on an individual 7-brane. In that case there are no constraints from the
– 4 –
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Figure 2. TN,K,j junctions: (a) N = 4, K = j = 2 and (b) N = 5, j = 1, K = 3.
s-rule [68], which imposes for example that at most one D5-brane can stretch between an
NS5-brane and a D7-brane. The global symmetry is at least SU(N)3, and we will refer to
this theory simply as TN theory. A gauge theory description is given by the quiver [71, 72]
[2]
y1− (2) x1− (3)− · · · − (N − 2)
xN−3− (N − 1) y2− [N ] . (2.2)
That is, a linear quiver with SU(K) gauge groups whose rank increases from 1 to N − 2
and which has two hypermultiplets in the fundamental representation of SU(2) and N
hypermultiplets in the fundamental representation of SU(N − 1). Between adjacent gauge
group nodes there are once again bi-fundamental hypermultiplets denoted by xi. For
N = 3 this is the rank-1 Seiberg theory with global symmetry enhanced to E6.
TN,K,j theory: Theories with multiple 5-branes ending on the same 7-brane can be
obtained from the unconstrained TN theories by Higgs branch flows, and in general have
reduced global symmetries. For the theories we will consider, the NS5 and (1, 1) 5-branes
are each ending on an individual 7-brane. The D5-branes are split into j groups of K > 1
D5-branes, each terminating on a single D7-brane, and N − jK unconstrained D5-branes
(see figure 2). This corresponds to the partitions
Y1 = [K
j, 1N−Kj] , Y2 = Y3 = [1N ] . (2.3)
The global symmetry for generic N , K, j is reduced from SU(N)3 to SU(N − jK) ×
SU(j)× SU(N)2×U(1). The T4,2,2 junction realizes the rank-1 Seiberg theory with global
symmetry enhanced to E7.
Gauge theory deformations can be read off conveniently after deforming the brane web
as discussed in [69]. For N > jK this yields
[N − jK] y1− (N − jK + j − 1) x1− · · ·
xK−1− (N −K) xK− · · ·
xN−3− (2) y3− [2] .
| y2 (2.4)
[j]
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Between the links labeled by xK and xN−3 the rank of the gauge groups decreases in steps
of one. There are K− 2 gauge nodes between the links labeled by x1 and xK−1, with rank
increasing in steps of j − 1. For j = 1 there is a total of K SU(N −K) gauge nodes.
For N = jK, when there are no unconstrained D5-branes, the form of the gauge
theory deformation depends on whether j = 2 or j > 2. For j = 2 and N = 2K the gauge
theory is given by
[2]
y1− (2) x1− (3)− · · · − (K − 1)
xK−1− (K) xK− (K − 1)− · · · − (3)
xN−3− (2) y3− [2] .
| y2 (2.5)
[2]
The quiver is symmetric under reflection across the SU(K) node and may be seen as a
gluing of two TK theories, gauging their respective SU(K) flavor symmetries and adding
two fundamental hypermultiplets at the central node.
For j > 2 and N = jK the gauge theory deformation is given by the quiver
(j − 1) x1− (2(j − 1))− · · ·
xK−1− (N −K) xK− (N −K − 1)− · · ·
xN−3− (2) y3− [2] .
| y2 (2.6)
[2]
There are K − 2 gauge groups between the bi-fundamental fields x1 and xK−1, with rank
increasing in steps of j − 1, and (N −K − 3) gauge groups between the bi-fundamental
fields xK and xN−3 with rank decreasing by one.
2.2 The topologically twisted index
The topologically twisted index [1] of a five-dimensional N = 1 theory is the (Euclidean)
partition function onM4×S1, with a partial topological twist onM4, and can be computed
using localization [27]. Such computations were performed for M4 either a toric Ka¨hler
manifold [27] or a product of two Riemann surfaces [27, 30], i.e.M4 = Σg1 × Σg2 , where
g1 and g2 denote the genus of the respective complex curve.
5
Upon localization, the twisted index evaluates to a function of flavor magnetic fluxes
sI , parameterizing the twist, and fugacities yI = e
iβ∆I for the flavor symmetries of the
theory. Alternatively, the partition function can be viewed as the trace over the Hilbert
space HM4 of states in radial quantization on M4, i.e.
Z(yI , sI) = TrHM4 (−1)F e−βH
∏
I
yJII . (2.7)
This is the equivariant Witten index of the dimensionally reduced quantum mechanics [73],
where the fluxes explicitly enter in the Hamiltonian H, and JI are the generators of the
flavor symmetries.
5As a property of the partial topological twist, geometrically, only the genus of the respective curve is
relevant for the computation of the twisted index.
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2.2.1 Matrix model
As derived in [27], the localized partition function can be written as a contour integral6
ZM4×S1(s, y, q) =
1
|W|
∞∑
k=0
∑
{p}∈Γh
∮
C
[∏
x∈T
dx
2piix
]
qkZ
(k-instantons)
int (p, x; sI , yI , q) , (2.8)
of a meromorphic function in variables x` = e
iβa` , where a` are the Coulomb branch pa-
rameters of the four-dimensional theory obtained by reducing the five-dimensional theory
along S1. The sum over p is over a set of gauge magnetic fluxes p, living in the co-root
lattice Γh of the gauge group G.
7 Here q = e−8pi
2β/gYM , where gYM is the five-dimensional
gauge coupling constant, and β is the circumference of S1. We also denoted the order
of the Weyl group of G by |W|. Finally, the function Z(k-instantons)int (p, x; sI , yI , q) receives
contributions from the classical action, the one-loop determinants, and the instantons.
For the purpose of this paper, we work in a strict large N limit, in which we expect
instantonic contributions (i.e. k > 0 in (2.8)) to be suppressed [74], and thus we shall solely
work with the “perturbative” part, and write Zint ≡ Z(0-instantons)int (p, x; sI , yI , q). Then,
for a theory of gauge group G, coupled to a set of hypermultiplets in a representation
⊕I(RI ⊕ R¯I), and for M4 = Σg1 ×Σg2 , it reads [27, 30]
Zint =
(
det
`m
∂2W˜(a, n)
∂a`∂am
)g1
e
8pi2β
g2
YM
TrF(mn)+kβTrF(mna) ∏
α∈G
(
1− xα
xα/2
)(α(m)+1−g1)(α(n)+1−g2)
×
∏
I
∏
ρI∈RI
(
xρI/2yνI/2
1− xρIyνI
)(ρI(m)+νI(s)+g1−1)(ρI(n)+νI(t)+g2−1)
,
(2.9)
where α denote the roots of G, and ρI , νI are the weights of the hypermultiplets under the
gauge, flavor symmetry group, respectively. Moreover, k is the Chern-Simons level, (m, n),
(sI , tI) are the gauge, background magnetic fluxes on (Σg1 , Σg2), respectively. Furthermore,
by TrF, we denote the trace in the fundamental representation. An important ingredient
entering (2.9) is the effective twisted superpotential of the two-dimensional topological field
theory on Σg1 , which receives contributions from the Kaluza-Klein modes on Σg2 × S1. It
6The contour C ought to be dictated by supersymmetric localization; however, an ab initio derivation
of its form has not been performed as of now (see e.g. [27]). For the purpose of this paper, the detailed
contour will be irrelevant, because we rely on an alternative description of the twisted index, as given in
section 2.2.2.
7We are interested in the “non-equivariant” limit of the topologically twisted index, i.e. i → 0, i = 1, 2,
where i are the Ω-deformation parameters. Thus, we shall consider the sum in (2.8) over topological fluxes.
We refer the reader to [27] for more details.
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is explicitly given by [27, 75]
W˜(a, n;∆, t) = −8pi
2iβ
g2YM
TrF(na) +
kβ
2
TrF(na
2)
+
1
β
∑
α∈G
(α(n) + 1− g2)
[
Li2(x
α)− 1
2
g2 (−α(βa))
]
− 1
β
∑
I
∑
ρI∈RI
(ρI(n) + νI(t) + g2 − 1)
[
Li2(x
ρIyνI )− 1
2
g2 (ρI(βa) + νI(β∆))
]
,
(2.10)
where Lis(x) are the polylogarithm functions, and
g1(a) = a− pi ,
g2(a) =
a2
2
− pia+ pi
2
3
,
g3(a) =
a3
6
− pi
2
a2 +
pi2
3
a .
(2.11)
The functions gs(a) satisfy the following identity
gs(2pi − a) = (−1)sgs(a) . (2.12)
Assuming 0 < ∆ < 2pi, and t ∈ R, the polylogarithm asymptotically simplifies as follows
Lis(e
t+i∆) ∼ is−2gs(−it+∆) , t→∞ . (2.13)
2.2.2 Bethe sum formula
One of the technical challenges of our work is the explicit evaluation of the five-dimensional
topologically twisted index on Σg2 × (Σg1 × S1) in the large N limit. We shall use the
strategy employed in [27]. Namely, we first exchange the sum over the magnetic flux
lattice, m ∈ Γh, with the contour integral in (2.8). Consequently, we can rewrite the
twisted index as follows8∑
n∈Γh
∮
C
∑
m∈ΓCh
Zint(a,m, n) =
∑
n∈Γh
∮
C
∑
m∈ΓCh
e
im`
∂W˜(a,n)
∂a` Zint(a,m = 0, n) . (2.14)
Thus, we may interpret the five-dimensional partition function as arising from a three-
dimensional theory on Σg1×S1 summed over topological sectors on Σg2 , which are labeled
by n ∈ Γh. The sum over gauge fluxes m in (2.14) is a geometric series and so can be
done straightforwardly.9 We shall then, using the results of [5], set up an auxiliary large
8Here, the sum
∑
m is over a wedge Γ
C
h inside the magnetic lattice, for which Zint(a,m, n) has poles
inside the contour.
9We take a large positive integer cut-off P , and then perform the summation over m ≤ P − 1 in (2.14).
The final result is independent of P because of (2.15).
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N problem for finding the positions of the poles of the contour integral (2.14) by solving
the so-called Bethe ansatz equations (BAEs) [27, 75]
exp
(
i
∂W˜(a, n;∆, t)
∂a`
)∣∣∣∣
a=a(`)
= 1 , ` = 1, . . . , rk(G) . (2.15)
Therefore, these BAEs (2.15) determine the Coulomb branch parameters a(`) in terms of
the gauge fluxes n`. Hence, we need an additional set of equations in order to fix both a(`)
as well as n` uniquely. Following [27], we propose that the correct condition to be imposed
at large N , is given by10
exp
(
2pii
~
∂F(a)
∂a`
)∣∣∣∣
a=a(`)
= 1 , ` = 1, . . . , rk(G) , (2.16)
where ~ = 1 is the Ω-background parameter and F(a) is the effective Seiberg-Witten pre-
potential of the four-dimensional theory, obtained by compactifying the five-dimensional
theory on a circle whilst retaining the Kaluza-Klein modes [76]. It reads
2piiF(a;∆) = − 4pi
2β
g2YM
TrF(a
2)− ikβ
6
TrF(a
3)
− 1
β2
∑
α∈G
[
Li3(x
α) +
i
2
g3 (−α(βa))− ζ(3)
]
+
1
β2
∑
I
∑
ρI∈RI
[
Li3(x
ρIyνI )− i
2
g3 (ρI(βa) + νI(β∆))− ζ(3)
]
,
(2.17)
where g3(a) is given in (2.11), and the remaining notation is understood as before.
The solutions to equations (2.15) and (2.16) in the large N limit are then used to
evaluate the topologically twisted index using the residue theorem. We thus obtain an
alternative description of the matrix model (2.9) as follows11
ZΣg2×(Σg1×S1)(s, t, ∆) =
(−1)rk(G)
|W|
∑
n∈Γh
∑
a=a(`)
Zint
∣∣
m=0
(a, n)
(
det
`m
∂2W˜(a, n)
∂a`∂am
)g1−1
.
(2.18)
In the following sections we perform the universal topological twist [77] by setting
∆ = pi , s = 1− g1 , t = 1− g2 . (2.19)
This can be done only for Riemann surfaces of negative curvature, i.e. g1 > 1 and g2 > 1.
We discuss the explicit form of the matrix models computing the topologically twisted
index for the TN , #N,M , and TN,K,j theories in appendix A.
10The relevance of the effective Seiberg-Witten prepotential in this context has been suggested also in
[30]. However, the gauge fluxes were set to zero from the outset in the proposal of [30]. The results were
found to disagree with the supergravity computations in Type IIA, and we find similar mismatches with
Type IIB supergravity for the dualities considered here.
11Notice that the exponent of the determinant factor is changed due to the addition of the Jabobian
for the change of variables.
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2.3 Numerical methodology
We now briefly review our methodology for computing the numerical large N , M partition
functions. To do so, we first recall two standard arguments, and then proceed to outlining
our numerical saddle point method, which we use to get our explicit numerical data.
Firstly, let us remark that for both the topologically twisted index and the five-sphere
partition function, we assume that the ultraviolet superconformal fixed point partition
functions are captured by their infrared gauge theory description, which we reviewed in
section 2.1 for the theories at hand. This is reliant on the conjecture that higher derivative
terms required to describe the infrared superconformal fixed points are Q-exact, and thus
do not contribute to the partition function computed with respect to the same supercharge
Q [74, 78, 79].
Secondly, we shall in the following assume that the instantonic contributions to both
the topologically twisted index and five-sphere partition function are suppressed in the
large N , M limit. It was argued in [74], that (as we move onto the Coulomb branch)
the contributions arising from the localization in an instanton background are effectively
dependent on the exponential of the Coulomb branch parameters ∼ e−|a|, where we collec-
tively denote the Coulomb branch parameters by a. For the case at hand, it can explicitly
be checked, that the a’s scale as Nα, NαMβ, with α > 0, for TN,k,j (including TN), #N,M
theories, respectively. Consequently, we expect that only the zero-instanton – or perturba-
tive – part of the partition functions contribute in the large N , M limit, which simplifies
our calculations considerably.
To evaluate the large N , M perturbative partition functions, we employ the numerical
saddle point approximation [80]: for the five-sphere partition functions as well as the
topologically twisted indices, we are ultimately required to extremize some function f(ai)
with respect to a set of parameters {ai}i∈I , where I is an index set which varies on a
case-by-case basis. Hence, we would like to solve
∂f
∂ai
= 0 , ∀i ∈ I . (2.20)
In general, these equations are non-trivial. To solve them, we reinterpret these equations
as describing a system of |I| particles with time-dependent coordinates ai(t), moving in a
potential given by the function f . Then, the resulting equations of motion read
∂f
∂ai(t)
= ξ
dai(t)
dt
, ∀i ∈ I , (2.21)
where ξ ∈ {±1} has to be fixed such that the potential is attractive. The explicit choice
of ξ depends on the theory and the partition function in question. Then, at large time
t → ∞, we approach an equilibrium configuration, which describes the solutions to the
extremization equations (2.20).
Notice, that in the case of the five-sphere partition function, we arrive at the equa-
tions (2.20) as the saddle point equations for the integrand of − logZS5pert, i.e. the free
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energy of the theory. By solving the extremization equations, we solve for the saddle
points which govern (at leading order in N , M) the Coulomb branch integral as given
in (B.1).12
In the case of the topologically twisted index, we employ the (conjectured) “Bethe
sum formula”, as explained in section 2.2.2. Thus, we first solve the equations (2.16)
for the Coulomb branch parameters ai, using the numerical saddle point method. In a
second step, given the solutions for ai, we solve the BAEs for the (perturbative) twisted
superpotential W˜ , given in equation (2.15), for the gauge magnetic fluxes ni, i.e. now
the fluxes ni(t) describe the worldlines of the particles in the potential given by f ≡ W˜
in (2.20). The ni’s being large in the large N , M limit, we can effectively consider them
as continuous variables, and thus their solutions will in general neither be integer nor real.
Finally, given the numerical solutions of the corresponding BAEs for the Coulomb
branch parameters ai, and the gauge fluxes ni, we can evaluate the topologically twisted
index using the Bethe sum formula (2.18), where one can explicitly check that the contri-
bution of the determinant in (2.18), i.e.(
det
`m
∂2W˜(a, n)
∂a`∂am
)g1−1
, (2.22)
is suppressed in the large N , M limit.
We remark that we use the asymptotic versions of the effective Seiberg-Witten pre-
potential, twisted superpotential and twisted index as detailed in appendix A. This is
sufficient to determine the first few leading orders in the large N , M limit of the twisted
index, and substantially speeds up the numerical evaluation.
Lastly, let us comment on the region of validity of this method. Of course, the saddle
point approximation can only be assumed to be rigorous in the strict large N , M limit.
At subleading orders, we expect that other saddle points will contribute to the integral,
and, eventually, instanton contributions will be important. For instance, in the case of the
twisted index, at finite N , one is required to sum over many Bethe vacua, as opposed to
only considering the dominant solution to (2.15) and (2.16).
2.4 Large N results
We start with the free energy of the five-sphere partition function
FS5(TN,K,j) = − logZS5pert(TN,K,j) (2.23)
for a sample of TN,K,j theories. For N = 2K with j = 2, N = 2K with j = 1, and N = 5K
with j = 3, the data are shown in table 1. The leading large N behavior extracted from
12We also refer to [64] for more details on this case.
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N FS5(TN,N/2,1)/N
4 N FS5(TN,N/2,2)/N
4 N FS5(TN,N/4,3)/N
4
20 0.231123 20 0.128039 8 0.282851
22 0.232605 22 0.129099 12 0.295506
24 0.233815 24 0.129974 16 0.301709
26 0.234819 26 0.130710 20 0.305356
28 0.235665 28 0.131338 24 0.307747
30 0.236387 30 0.131879 28 0.309431
32 0.237011 32 0.132351 32 0.310679
34 0.237555 34 0.132766 36 0.311640
36 0.238032 36 0.133133 40 0.312401
38 0.238455 38 0.133461 44 0.313020
40 0.238832 40 0.133756 48 0.313531
Table 1. Numerical values for the saddle point evaluation of the five-sphere free energy for
TN,K,j theories.
this data by fitting to a polynomial is
FS5(TN,N/2,1) = 0.24530N
4 ,
FS5(TN,N/2,2) = 0.13924N
4 ,
FS5(TN,N/5,3) = 0.31900N
4 .
(2.24)
This agrees at the per mille level with the supergravity predictions (3.31). We note that
the results are highly sensitive towards the quiver data; for instance, the fundamental hy-
permultiplets denoted by yi in the quiver gauge theories (2.4), (2.5), (2.6) affect the leading
large N result non-trivially, despite being subleading compared to the bi-fundamental hy-
permultiplets and gauge fields by free field counting arguments.
The results of the numerical evaluation of the ratio of the topologically twisted index
and the five-sphere partition function for the TN theories and the sample of TN,K,j theories
are shown in figure 3(a), and for the #N,M theories in figure 3(b). The sphere partition
functions for the TN,K,j theories are taken from table 1, and for the TN and #N,M theories
from [64]. The results clearly show that the ratio approaches the universal value for large
N for the TN and TN,K,j theories, and for large N and M for the #N,M theories. In fact, the
ratio is well captured by the large N asymptotics significantly earlier than the individual
quantities. This suggests that the leading 1/N corrections to the individual quantities,
that remain after using the large N approximations we have employed, cancel in the ratio.
Moreover, for the #N,M theories the ratio appears to approach the universal value if either
N or M are large. This is in contrast to the sphere partition function, which approaches
the supergravity result only if N and M are large [64].
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Figure 3. Ratio of the topologically twisted index and the five-sphere partition function, eval-
uated numerically as described in section 2.3. On the left hand side for the TN (red), TN,N/2,1
(blue), TN,N/2,2 (green) and TN,N/4,3 (black) theories. On the right hand side for #N,M as func-
tions of M . From top to bottom the curves are N ∈ {5, 10, 15, 20, 25}. As function of N the
ratio exhibits similar convergence properties.
3 Magnetic AdS6 black holes in Type IIB
In this section we discuss AdS6 black holes with horizon topology Σg1 × Σg2 in Type
IIB and their Bekenstein-Hawking entropies. The starting point are the AdS6 × S2 × Σ
solutions to type IIB supergravity of [45–48], characterized by a choice of Riemann surface
Σ and two locally holomorphic functions A±. The consistent Kaluza-Klein reduction to
six-dimensional F (4) gauged supergravity for this general class of solutions [65, 66] allows
to uplift the six-dimensional AdS2×Σg1×Σg2 solutions of [28] to Type IIB. For each AdS6
solution in Type IIB, the uplift produces a distinct black hole solution. In the following
we introduce the relevant background. We also compute the sphere partition functions for
the TN,K,j theories.
3.1 AdS6 solutions in Type IIB
With a complex coordinate w on Σ, the metric and complex two-form in the AdS6×S2×Σ
solutions of [45–48] are given by
ds2 = f 26 ds
2
AdS6
+ f 22 ds
2
S2 + 4ρ
2dwdw¯ , C(2) = CvolS2 , (3.1)
where volS2 is the canonical volume form on a two-sphere, S
2, with unit radius. The
solutions are parametrized by two locally holomorphic functions A± on Σ, in terms of
which the metric functions are
f 26 =
√
6GT , f 22 =
1
9
√
6G T−32 , ρ2 = κ
2
√
6GT
1
2 , (3.2)
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where
κ2 = −|∂wA+|2 + |∂wA−|2 , ∂wB = A+∂wA− −A−∂wA+ , (3.3)
G = |A+|2 − |A−|2 + B + B¯ , T 2 =
(
1 +R
1−R
)2
= 1 +
2|∂wG|2
3κ2 G . (3.4)
The function C and the axion-dilaton scalar B = (1 + iτ)/(1− iτ) are given by
C = 2i
3
(
∂w¯G∂wA+ + ∂wG∂w¯A¯−
3κ2T 2
− A¯− −A+
)
, (3.5)
B =
∂wA+ ∂w¯G −R∂w¯A¯−∂wG
R∂w¯A¯+∂wG − ∂wA−∂w¯G . (3.6)
Physically regular solutions corresponding to 5-brane junctions were constructed in [46, 47],
and solutions including additional 7-branes in [48, 69]. They are specified in terms of the
locally holomorphic functions A± whose detailed form can be found in these references.
3.2 AdS2 ×Σg1 ×Σg2 × S2 ×Σ solutions
For each choice of the Riemann surface Σ and locally holomorphic functions A± on Σ, the
consistent truncations of [65, 66] provide a distinct uplift of solutions of six-dimensional
F (4) supergravity to solutions of type IIB supergravity. The effective six-dimensional
Newton constant is related to the ten-dimensional Newton constant and the data specifying
the Type IIB solution by [59, 64]
1
κ26
=
32pi
3κ210
∫
d2w κ2G , (3.7)
where 2κ210 = (2pi)
7α′4.
In particular, the AdS2 ×Σg1 ×Σg2 solutions of [28], which in addition to the metric
involve a non-trivial scalar, SU(2) gauge field and two-form field, can be uplifted to Type
IIB. The resulting geometry takes the form
AdS2 ×Σg1 ×Σg2 × S2 ×Σ , (g1 > 1 and g2 > 1) , (3.8)
where AdS2×Σg1×Σg2 and S2 are warped overΣ, with warp factors fˆ 26 and fˆ 22 , respectively.
The type IIB supergravity fields resulting from the uplift (denoted by a hat on the warp
factors) depend on all fields of the six-dimensional gauged supergravity, and agree with
the solution presented in section 3.1 only for the AdS6 ‘vacuum’ solution. For the AdS2
solutions of [28] they can be constructed straightforwardly with the formulae of [65, 66].
The advantage of having the consistent truncation is that many computations in six
dimensions permit a clear ten-dimensional interpretation. This applies in particular to the
relation between the on-shell action and the Bekenstein-Hawking entropy of magnetically
charged AdS6 black holes in the six-dimensional F (4) supergravity derived in [28]. Using
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that the on-shell action computes the sphere partition function of the dual field theory,
the relation states
SBH = −8
9
(1− g1)(1− g2)FS5 . (3.9)
With the consistent Kaluza-Klein reduction, this relation is implied to also hold for the
uplifted ten-dimensional solutions in Type IIB. In ten dimensions, both computations
involve an integral over the internal space, which reproduces the same factor that enters
the computation of the effective six-dimensional Newton constant via (3.7)13 and explains
the universal relation from the Type IIB perspective. This is analogous to the relation
between sphere partition function and conformal central charge CT discussed in [64].
3.3 Solutions without monodromy: TN and #N,M
The holomorphic functions and sphere partition functions for the TN and #N,M solutions
have been discussed in detail in [64]. The results for the sphere partition functions are
F TNsugra = −
27
8pi2
ζ(3)N4 , F#N,Msugra = −
189
16pi2
ζ(3)N2M2 . (3.10)
With (3.9) the black hole entropies thus become
STNBH =
3
pi2
(1− g1)(1− g2) ζ(3)N4 ,
S
#N,M
BH =
21
2pi2
(1− g1)(1− g2) ζ(3)N2M2 .
(3.11)
In particular, they exhibit the same quartic scaling under an overall rescaling of the 5-brane
charges in the brane junction defining the SCFT.
3.4 Partition function and black hole entropy for TN,K,j
The supergravity solution for the TN,K,j junction in general is a three-pole solution with
one puncture with D7-brane monodromy. For N = jK it reduces to a “minimal” solution
with only two 5-brane poles.
3.4.1 The TN,K,j solution
The locally holomorphic functions A± defining solutions with D7-branes take the general
form
A± = As± + I , I =
∫ w
∞
dz f(z)
L∑
`=1
Y `
z − r` , (3.12)
13The sphere partition function can be extracted from the disc entanglement entropy [55], which in-
volves an integral of fˆ46 fˆ
2
2 ρˆ
2 over Σ. The ten-dimensional horizon area involves an integral of the same
combination of metric factors, which generically reduces to 23κ
2G for solutions uplifted via [65].
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where Y ` = Z`+ − Z`− and As± correspond to a solution without monodromy,
As± = A0± +
L∑
`=1
Z`± log(w − r`) , Z`− = −Z`+ . (3.13)
The function f encodes the branch cut structure,
f(w) =
I∑
i=1
n2i
4pi
log
(
γi
w − wi
w − w¯i
)
. (3.14)
The integration contour in (3.12) has to be chosen in such a way that no branch cuts are
crossed. The TN,K,j solution has three poles, L = 3, and one puncture, I = 1, and is
realized by [69]
r1 = 1 , r2 = 0 , r3 = −1 ,
Z1+ =
3
8
α′ (2N − ijK) , Z2+ =
3
4
iα′ (N − jK) , Z3+ = −Z1+ − Z2+ ,
(3.15)
with
n21 = j , γ1 = 1 , w1 = i tan
piK
2N
, (3.16)
and
A0+ = Z2+ log 2 +
1
2
L∑
`=1
Y `
∫ 1
∞
dxf ′(x) log |x− r`|2 . (3.17)
As was shown in [69], this solves the regularity conditions, and stringy operators match
between supergravity and field theory.
3.4.2 Sphere partition function
For the evaluation of the partition function it is convenient to obtain more explicit forms
for A±. That is, perform the polylogarithm integrals in (3.12). A crucial point is that the
branch cut structure of the primitives has to be compatible with the contour chosen in
(3.12).
With the integration contour such that no branch cuts are crossed, we define
f(w, α, r) ≡
∫ w
+∞
dz log
(
z − iα
z + iα
)
1
z − r , (3.18)
where α = tan piK
2N
. An explicit expression with only the desired branch cut in the upper
half-plane reads
f(w, α, r) = Li2
(
(w − iα)(r + iα)
(w + iα)(r − iα)
)
+ Li2
(
2iα
w + iα
)
− Li2
(
r + iα
r − iα
)
+ log
(
w − iα
w + iα
)
log
(
2iα(r − w)
(r − iα)(w + iα)
)
.
(3.19)
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Figure 4. Plots of S(1) (upper curve) and S(2) (lower curve) as functions of k ≡ K/N .
The locally holomorphic functions and their differentials are given by
A± = As± + I , I =
j
4pi
L∑
`=1
Y `f(w, α, r`) . (3.20)
The expression for ∂wG becomes
∂wG =
(As+ −As−) ∂wAs+ + (As+ −As−) ∂wAs−
+
(As+ −As− +As+ −As−) ∂wI + (I − I) (∂wAs+ − ∂wAs−) . (3.21)
The sphere partition function can be extracted from the finite part of the disc entanglement
entropy, given by [55]
SfiniteEE = −
32pi3
9GN
∫
Σ
d2w|∂wG|2 , (3.22)
with 16piGN = (2pi)
7(α′)4.
3.4.3 Explicit evaluation of partition function and entropy
Under a simultaneous rescaling of N and K the functions A± scale linearly. As a result,
the entanglement entropy scales quartically. This leaves two independent parameters,
SfiniteEE (N,K, j) = N
4S(k, j) , k ≡ K
N
. (3.23)
The functionsA± are linear in j. The part independent of j coincides with the holomorphic
functions for the unconstrained TN theory, which we denote by ATN± . The remaining part
linear in j is identical for A+ and A−, and we denote it by X , such that
A± = ATN± + jX , X = ∂j(As± + I) . (3.24)
As a result of this decomposition, ∂wG is linear in j as well,
∂wG = ∂wGTN + jZ ,
Z = 2 Re (ATN+ −ATN− ) ∂wX − 2i Im(X ) (∂wATN+ − ∂wATN− ) . (3.25)
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This in turn implies that S is a polynomial of degree two in j, which we parametrize as
S(k, j) = S(0)(k) [1− 2jS(1)(k) + j2S(2)(k)] . (3.26)
The explicit expression for the finite part of the disc entanglement entropy becomes
SfiniteEE = −
32pi3
9GN
∫
Σ
d2w
[ ∣∣∂wGTN ∣∣2 + 2jRe (Z¯∂wGTN)+ j2 |Z|2 ] . (3.27)
Here, S(0) corresponds to the partition function of the unconstrained TN theory, i.e.
S(0) = − 27
8pi2
ζ(3) . (3.28)
The functions S(1) and S(2) can be determined numerically. Both vanish for k = 0 and ap-
proach one for k → 1. Plots are shown in figure 4. The finite part of the disc entanglement
entropy thus can be written as
SfiniteEE (N,K, j) = −
27
8pi2
ζ(3)N4
[
1− 2jS(1)(k) + j2S(2)(k)] . (3.29)
Similarly, the black hole entropy, obtained using (3.9), is then given by
SBH(TN,K,j) =
3
pi2
(1− g1)(1− g2) ζ(3)N4
[
1− 2jS(1)(k) + j2S(2)(k)] . (3.30)
An interesting special case is when N = 2K and j = 2, which contains the rank-1 E7
theory for K = 2 and provides a natural large N generalization. As a further interesting
example we take j = 1 and N = 2K, which realizes the χ
N/2−1
N theories of [71]. As a
special case where N > jK, such that there is a non-vanishing number of unconstrained
D5-branes, we include j = 3 and N = 4K. For these examples, we explicitly find
SfiniteEE (TN,N/2,1) = −0.245214N4 ,
SfiniteEE (TN,N/2,2) = −0.139218N4 ,
SfiniteEE (TN,N/4,3) = −0.318856N4 .
(3.31)
These values are smaller in absolute value than the analytic result for the unconstrained
TN theory, consistent with a putative five-dimensional F -theorem. Likewise, one may flow
from TN,N/4,3 to TN,N/2,2, and from TN,N/2,1 to TN,N/2,2. The results are also consistent with
a five-dimensional F -theorem for these cases.
4 Discussion
We have shown that the topologically twisted index of five-dimensional SCFTs that are
defined on the intersection point of (p, q) 5-brane junctions computes the Bekenstein-
Hawking entropy of a class of magnetically charged AdS black holes in Type IIB string
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theory. The black hole entropy is obtained by uplifting the family of AdS2 solutions to six-
dimensional Romans’ F (4) gauged supergravity of [28] to ten dimensions using the uplifts
of [65, 66]. The resulting ten-dimensional solutions have geometry AdS2×Σg1×Σg2×S2×Σ,
and are characterized by two locally holomorphic functions A± on the Riemann surface
Σ. For each regular AdS6 solution constructed in [45–48, 69], the uplift yields a regular
ten-dimensional solution, which describes the near-horizon limit of a magnetically charged
black hole with AdS6 × S2 × Σ asymptotics in Type IIB. In field theory terms, these
AdS2 solutions describe the twisted compactifications of the five-dimensional SCFTs dual
to the associated AdS6 solutions on a product of two Riemann surfaces. Our results show
that the topologically twisted index agrees with the Bekenstein-Hawking entropy of the
proposed dual black hole solution. We have shown this for a representative sample of
five-dimensional SCFTs, but the results confirm the general reasoning and are expected to
extend to general pairs of supergravity solutions and five-dimensional SCFTs within the
class of [45–48, 69]. This in particular includes the solutions with 7-branes.
An important ingredient in evaluating the topologically twisted index, at large N , M ,
was the effective Seiberg-Witten prepotential F(a) (that receives contributions from all the
Kaluza-Klein modes on S1) of the dimensionally reduced four-dimensional theory living on
Σg1×Σg2 . It was conjectured in [27], that the critical points of F(a) combined with (2.15)
dominate the large N behavior of the twisted index. In this paper, we employed this
method and explicitly found agreement with the corresponding supergravity prescription,
thus providing more evidence for the conjecture. It would be interesting to understand
this from first principles, which we leave for future investigation.
A noteworthy observation in a similar spirit concerns a seemingly universal relation
between the Seiberg-Witten prepotential and the twisted superpotential. In the case of
Seiberg theories, it was (experimentally) found in [27], that in the large N limit the
Seiberg-Witten prepotential F and the twisted superpotential W˜ satisfy
F = −2pii
27
FS5 , W˜ = 4pii
9
(1− g2)FS5 . (4.1)
For the theories in consideration in this paper, the numerics confirm the same relation,
suggesting that it might be universal at large N . It would be interesting to understand
the physical reason behind this (including from a supergravity perspective). In the case
of the three-dimensional twisted index, the analogous relations can be understood from
an insertion of a “fibering operator” [81, 82]. In the same vein, it would be interesting to
derive a more unified framework for studying five-dimensional partition functions by the
inclusion of similar “geometry changing operators”.
A perhaps curious observation in the localization computations is that the ratio of
five-sphere partition function and topologically twisted index is captured accurately by
the large N , M asymptotics significantly earlier than the individual quantities. For both
quantities we have used large N , M approximations, such as dropping instanton contri-
butions, performing saddle point approximantions, and using asymptotic expansions of
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polylogarithms, in setting up the matrix models. Thus, neither quantity includes the full
N , M dependence. Nevertheless, it is interesting to note that apparently the remain-
ing leading 1/N , 1/M corrections to the sphere partition function and the topologically
twisted index cancel in the ratio.
Ultimately, it would be desirable to analytically understand and solve the matrix
models computing the sphere partition functions and the topologically twisted indices. It
is interesting to note in that context, that we found the fundamental hypermultiplets in
the quiver gauge theories discussed in section 2.1 to be crucial for the matching of the
leading large N , M behavior between supergravity and field theory, despite their naively
subleading scaling compared to bi-fundamental and adjoint fields. The universal relation
between the topologically twisted index and the sphere partition function may also allow
to combine analytic insights obtained from the corresponding matrix models to understand
the large N , M behavior analytically. A further direction for future investigation is to use
potential consistent truncations to six-dimensional F (4) gauged supergravity coupled to
additional vector multiplets along the lines of [67] to study non-minimal twists.
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A Matrix models for the #N,M , TN and TN,K,j theories
In this appendix we present the relevant asymptotic expressions of the topologically twisted
index and the corresponding matrix models for TN , #N,M , and TN,K,j quiver gauge theories,
which we discussed in section 2.1. We are interested in the universal twist [77], i.e.
∆ = pi , s = 1− g1, t = 1− g2 . (A.1)
We find it convenient to redefine the Coulomb branch parameters
a` = it` , ` = 1, . . . , rk(G) , (A.2)
since they are purely imaginary (as confirmed by the numerical analysis). In the large N ,
M limit t` grows with some positive powers of N and M , and therefore we can approximate
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the polylogarithms appearing in the matrix models (see (2.9), (2.10) and (2.17)) by their
asymptotic forms given in (2.13). Furthermore, in such a limit, instanton contributions
to the topologically twisted index are exponentially suppressed. Hence, we only need to
consider the perturbative contributions to the index.
Let us start with the effective Seiberg-Witten prepotential F(a). The contributions
of a vector multiplet and a hypermultiplet to (2.17), for t→∞, read14
2piiFV(t) = − i
2
g3(−it) sign(t) + ζ(3) + . . . ,
2piiFH(t) = − i
2
g3(it+ pi) sign(t)− ζ(3) + . . . ,
(A.3)
respectively, where the ellipses denote subleading terms.
Next, we compute the (asymptotic) contributions of a vector multiplet and a hyper-
multiplet to the effective twisted superpotential (2.10). They can be written as
W˜V(t, n) = −1
2
(n + 1− g2)g2(−it) sign(t) + . . . ,
W˜H(t, n) = 1
2
n g2(it+ pi) sign(t) + . . . ,
(A.4)
respectively, where the ellipses again denote the subleading terms in the t→∞ limit.
Finally, in the case of the universal twist (A.1) only vector multiplets contribute to
the topologically twisted index in (2.18) directly. The hypermultiplet contributions to the
index only enter through the Bethe ansatz equations (2.15) and (2.16). At large t (or
equivalently N , M), we obtain the following expression for the logarithm of the twisted
index
logZV(t, n) =
i
2
(1− g1)(n + 1− g2)g1(−it) sign(t) + . . . , (A.5)
where again the ellipses denote the subleading terms in the t→∞ limit.
A.1 TN theories
We start with the TN theories, whose infrared gauge theory description is given in (2.2).
The effective Seiberg-Witten prepotential is given by
FTN (t) =
j∑
`,m=1
6`=m
N−1∑
j=2
FV
(
t
(j)
` − t(j)m
)
+
j∑
`=1
j+1∑
m=1
N−2∑
j=2
FH
(
t
(j)
` − t(j+1)m
)
+ 2
2∑
`=1
FH
(
t
(2)
`
)
+N
N−1∑
`=1
FH
(
t
(N−1)
`
)
,
(A.6)
14We set the circumference of S1 to one (β = 1) throughout this section.
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where we additionally impose the constraint
j∑
`=1
t
(j)
` = 0 , j = 2, . . . , N − 1 . (A.7)
Similarly, the effective twisted superpotential reads
W˜TN (t, n) =
j∑
`,m=1
6`=m
N−1∑
j=2
W˜V
(
t
(j)
` − t(j)m , n(j)` − n(j)m
)
+
j∑
`=1
j+1∑
m=1
N−2∑
j=2
W˜H
(
t
(j)
` − t(j+1)m , n(j)` − n(j+1)m
)
+ 2
2∑
`=1
W˜H
(
t
(2)
` , n
(2)
`
)
+N
N−1∑
`=1
W˜H
(
t
(N−1)
` , n
(N−1)
`
)
,
(A.8)
where in addition to (A.7) we further require
j∑
`=1
n
(j)
` = 0 , j = 2, . . . , N − 1 . (A.9)
Finally, the topologically twisted index can be written as
logZTN (t, n) =
j∑
`,m=1
6`=m
N−1∑
j=2
logZV
(
t
(j)
` − t(j)m , n(j)` − n(j)m
)
. (A.10)
A.2 #N,M theories
Now, we turn to the #N,M theories, whose gauge theory quiver description is given in (2.1).
The effective Seiberg-Witten prepotential reads
F#N,M (t) =
M−1∑
j=1
N∑
`,m=1
` 6=m
FV
(
t
(j)
` − t(j)m
)
+
M−2∑
j=1
N∑
`,m=1
FH
(
t
(j)
` − t(j+1)m
)
+N
N∑
`=1
[
FH
(
t
(1)
`
)
+ FH
(
t
(M−1)
`
)]
,
(A.11)
where the eigenvalues obey the constraint
N∑
`=1
t
(j)
` = 0 , j = 1, . . . ,M − 1 . (A.12)
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The effective twisted superpotential can be written as
W˜#N,M (t, n) =
M−1∑
j=1
N∑
`,m=1
`6=m
W˜V
(
t
(j)
` − t(j)m , n(j)` − n(j)m
)
+
M−2∑
j=1
N∑
`,m=1
W˜H
(
t
(j)
` − t(j+1)m , n(j)` − n(j+1)m
)
+N
N∑
`=1
[
W˜H
(
t
(1)
`
)
+ W˜H
(
t
(M−1)
`
)]
,
(A.13)
with the constraint on the gauge magnetic fluxes
N∑
`=1
n
(j)
` = 0 , j = 1, . . . ,M − 1 . (A.14)
Finally, the topologically twisted index is given by
logZ#N,M (t, n) =
M−1∑
j=1
N∑
`,m=1
`6=m
logZV
(
t
(j)
` − t(j)m , n(j)` − n(j)m
)
. (A.15)
A.3 TN,K,j theories
Finally, let us consider the TN,K,j theories, whose gauge theory descriptions are given in the
quivers (2.4), (2.5), and (2.6). We explicitly spell out the example with j = 2 and N = 2K,
i.e. T2K,K,2, with K > 2. The corresponding effective Seiberg-Witten prepotential reads
FT2K,K,2(t) =
r∑
`,m=1
` 6=m
K∑
r=2
FV
(
t
(r,R)
` − t(r,R)m
)
+
r∑
`=1
r+1∑
m=1
K−1∑
r=2
FH
(
t
(r,R)
` − t(r+1,R)m
)
+
r∑
`,m=1
6`=m
K−1∑
r=2
FV
(
t
(r,L)
` − t(r,L)m
)
+
r∑
`=1
r+1∑
m=1
K−2∑
r=2
FH
(
t
(r,L)
` − t(r+1,L)m
)
+ 2
2∑
`=1
FH
(
t
(2,R)
`
)
+ 2
K∑
`=1
FH
(
t
(K,R)
`
)
+ 2
2∑
`=1
FH
(
t
(2,L)
`
)
+
K−1∑
`=1
K∑
m=1
FH
(
t
(K−1,L)
` − t(K,R)m
)
.
(A.16)
Here, we introduced the notation t
(r,L)
` , t
(r,R)
` to label the Coulomb branch parameters on
the left, right hand side of the central SU(K) gauge group in (2.6), respectively. The
expression for the twisted superpotential W˜T2K,K,2(t, n) is very similar — one needs to
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replace FV(t), FH(t) with W˜V(t, n), W˜H(t, n) in (A.16), respectively. In addition, we have
to impose the following conditions
r∑
`=1
t
(r,L)
` = 0 , and
r∑
`=1
t
(r,R)
` = 0 , (A.17)
as well as analogous constraints on the gauge magnetic fluxes n
(r,L)
` and n
(r,R)
` . Lastly, the
topologically twisted index can be written as
logZT2K,K,2(t, n) =
r∑
`,m=1
` 6=m
K∑
r=2
logZV
(
t
(r,R)
` − t(r,R)m , n(r,R)` − n(r,R)m
)
+
r∑
`,m=1
6`=m
K−1∑
r=2
logZV
(
t
(r,L)
` − t(r,L)m , n(r,L)` − n(r,L)m
)
.
(A.18)
B Five-sphere partition function
Let us briefly recall the necessary ingredients for the numerical computation of the five-
sphere partition function for the TN,k,j theories. As mentioned in the main text, we expect
that the partition function of the superconformal fixed point is reproduced in the infrared
gauge theory, which relies on the assumption that the relevant higher-order derivative
corrections are Q-exact, and thus not relevant for the partition function. Furthermore,
general arguments in [74] suggest that the nonperturbative (instanton) contributions to the
partition function are suppressed in the large N limit. We refer to [74] for more details.15
Thus, for the purposes of this paper, we may solely look at the perturbative part of the
five-sphere partition function. This was computed using supersymmetric localization [85]
on the (round) five-sphere in [78, 86] and for the squashed five-sphere in [87] (see also [88]
for the same result derived from topological strings). We shall use the latter reference,
and set the squashing parameters to vanish.
The perturbative part ZS
5
pert of the five-sphere partition function of a gauge theory
with gauge group G of rank rk(G), with I = 1, . . . , Nf hypermultiplets in a representation
⊕I(RI ⊕ R¯I), of the gauge group G is given by
ZS
5
pert =
2pie
ζ(3)
4pi3
|W|
∫ ∞
−∞
rk(G)∏
`=1
da`
2pi
e−F(a)
∏
α∈G S3 (−iα(a) | 1, 1, 1)∏Nf
I=1
∏
ρI∈RI S3
(
iρI(a) +
3
2
| 1, 1, 1) , (B.1)
where the products are over all the roots α of G and weights ρI of the relevant representa-
tion RI , by |W| we denote the cardinality of the Weyl group of G, and ζ(x) is the Riemann
15See also [64, 83, 84] for evidence that the instantonic contributions are “small” compared with the
perturbative piece even at small N .
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zeta function. Furthermore, F(a) is proportional to the classical piece of the (flat space)
Seiberg-Witten prepotential (see [37]). For vanishing Chern-Simons contributions, F(a) is
in fact subleading, and thus not relevant for our purposes here. Lastly, S3(x | 1, 1, 1) is
the triple-sine function with ωi = 1, i = 1, 2, 3. It can be defined as
S3 (z | 1, 1, 1) ≡ exp
(
−pii
6
B3,3 (z | 1, 1, 1)− I3 (z | 1, 1, 1)
)
, (B.2)
where B3,3 (z | 1, 1, 1) is the generalized Bernoulli polynomial given by
B3,3 (z | 1, 1, 1) = z3 − 9
2
z2 + 6z − 9
4
, (B.3)
and I3 (z | 1, 1, 1) can be explicitly computed in terms of the following integral
I3 (z | 1, 1, 1) =
∫
R+i0+
dx
x
ezx
(ex − 1)3 , (B.4)
where the contour runs over the real axis with a semi-circle around x = 0 going into the
positive half-plane.
In this paper, we evaluate the five-sphere partition functions for TN,K,j theories nu-
merically, to extract the large N limit and compare to supergravity. The relevant matrix
models can be generated in analogy with the ones for the twisted indices in appendix A,
where we replace the vector multiplet and hypermultiplet contributions with the relevant
pieces of the five-sphere partition function, i.e.
FV(t) → FS5V (t) = −
1
2
[
logS3 (it | 1, 1, 1) + logS3 (−it | 1, 1, 1)
]
,
FH(t) → FS5H (t) = logS3
(
it+
3
2
| 1, 1, 1
)
,
(B.5)
and with additional overall contributions, which are not relevant in the large N limit.
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